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Abstract
The purpose of this paper is to study the existence of periodic solutions of non-autonomous second-
order systems{
u¨(t) = ∇F (t, u(t)), a.e. t ∈ [0, T ],
u(0) − u(T ) = u˙(0) − u˙(T ) = 0.
Some new existence theorems are obtained by the least action principle.
 2004 Elsevier Inc. All rights reserved.
Keywords: Periodic solution; Critical point; Non-autonomous second-order systems; Sobolev’s inequality;
Minimize
1. Introduction
Consider the non-autonomous second-order systems{
u¨(t) = ∇F (t, u(t)), a.e. t ∈ [0, T ],
u(0) − u(T ) = u˙(0) − u˙(T ) = 0, (1)
where T > 0, F : [0, T ] × RN → R satisfies the following assumption:
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F. Zhao, X. Wu / J. Math. Anal. Appl. 296 (2004) 422–434 423(A) F(t, x) is measurable in t for every x ∈ RN and continuously differentiable in x for
a.e. t ∈ [0, T ], and there exist a ∈ C(R+,R+), b ∈ L1(0, T ;R+) such that∣∣F(t, x)∣∣ a(|x|)b(t), ∣∣∇F(t, x)∣∣ a(|x|)b(t)
for all x ∈ RN and a.e. t ∈ [0, T ].
The corresponding functional ϕ on H 1T , given by
ϕ(u) = 1
2
T∫
0
∣∣u˙(t)∣∣2 dt +
T∫
0
F
(
t, u(t)
)
dt,
is continuously differentiable and weakly lower semicontinuous on H 1T (see [2]), where
H 1T =
{
u : [0, T ] → RN | u is absolute continuous, u(0) = u(T ) and u˙ ∈ L2(0, T )}
is a Hilbert space with the norm
‖u‖ =
[ T∫
0
∣∣u(t)∣∣2 dt +
T∫
0
∣∣u˙(t)∣∣2 dt
]1/2
for each u ∈ H 1T . It is well known that the solutions of problem (1) correspond to the critical
points of ϕ (see [2]).
It has been proved by the least action principle that problem (1) has at least one so-
lution which minimizes ϕ on H 1T (see [1–8]). When F(t, ·) is convex for a.e. t ∈ [0, T ],
Mawhin–Willem [2] has proved the existence of solutions which minimize ϕ on H 1T for
problem (1). For non-convex potential cases, using the least action principle and the mini-
max method, the existence of solutions which minimize ϕ on H 1T has been also researched
by many people, for example, see [1,3–8] and their references. Inspired and motivated
by the results due to Mawhin–Willem [2] and Wu–Tang [8], in this paper, we continue
to consider problem (1) with a potential which is the sum of a subconvex function and a
subquadratic function, and with a potential which is the sum of two functions without any
convexity. Some new solvability conditions are obtained by using the least action principle.
Some results in this paper develop and generalize corresponding results, the others are new
results.
2. Main results and proofs
We first recall a definition due to Wu–Tang [8]:
A function G :RN → R is called (λ,µ)-subconvex if
G
(
λ(x + y)) µ(G(x)+ G(y))
for some λ,µ > 0 and all x, y ∈ RN . A function G :RN → R is called γ -subadditive if
it is (1, γ )-subconvex. A function is called subadditive if it is 1-subadditive. The convex
and subadditive functions are special cases of subconvex functions.
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following conditions:
(i) F1(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], where λ > 1/2 and µ < 2λ2;
(ii) there exist f,g ∈ L1(0, T ;R+) with ∫ T0 f (t) dt < 12/T such that∣∣∇F2(t, x)∣∣ f (t)|x| + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii) 1|x|2
[
1
µ
T∫
0
F1(t, λx) dt +
T∫
0
F2(t, x) dt
]
→ +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. Let β = log2λ(2µ). In a similar way to Wu–Tang [8], by the (λ,µ)-subconvexity
of F1(t, ·) one can prove that
F1(t, x)
(
2µ|x|β + 1)a0b(t) (2)
for a.e. t ∈ [0, T ] and all x ∈ RN , where β < 2, a0 = max0s1 a(s). It follows from (i)
and Sobolev’s inequality that
T∫
0
F1
(
t, u(t)
)
dt  1
µ
T∫
0
F1(t, λu¯) dt −
T∫
0
F1
(
t,−u˜(t))dt
 1
µ
T∫
0
F1(t, λu¯) dt −
(
2µ‖u˜‖β∞ + 1
)
a0
T∫
0
b(t) dt
 1
µ
T∫
0
F1(t, λu¯) dt − C1‖u˙‖β2 − C2. (3)
Since
∫ T
0 f (t) dt < 12/T , let
A = 12
T
−
T∫
0
f (t) dt; then A > 0 and 12
T
−
T∫
0
f (t) dt − A
2
> 0.
By (ii) and Sobolev’s inequality one has∣∣∣∣∣
T∫
0
[
F2
(
t, u(t)
)− F2(t, u¯)]dt
∣∣∣∣∣
=
∣∣∣∣∣
T∫ 1∫ (∇F2(t, u¯ + su˜(t)), u˜(t))ds dt
∣∣∣∣∣0 0
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T∫
0
1∫
0
f (t)
∣∣u¯ + su˜(t)∣∣ · ∣∣u˜(t)∣∣ds dt +
T∫
0
1∫
0
g(t)
∣∣u˜(t)∣∣ds dt

(
|u¯| + 1
2
‖u˜‖∞
)
‖u˜‖∞
T∫
0
f (t) dt + ‖u˜‖∞
T∫
0
g(t) dt
 1
2
{[
12
T
−
T∫
0
f (t) dt − A
2
]
‖u˜‖2∞ +
( ∫ T
0 f (t) dt
)2
12
T
− ∫ T0 f (t) dt − A2 |u¯|
2
}
+ 1
2
‖u˜‖2∞
T∫
0
f (t) dt + ‖u˜‖∞
T∫
0
g(t) dt
=
(
6
T
− A
4
)
‖u˜‖2∞ + C3|u¯|2 + ‖u˜‖∞
T∫
0
g(t) dt

(
1
2
− AT
48
)
‖u˙‖22 + C3|u¯|2 + C4‖u˙‖2. (4)
It follows from (3) and (4) that
ϕ(u) = 1
2
‖u˙‖22 +
T∫
0
F
(
t, u(t)
)
dt
= 1
2
‖u˙‖22 +
T∫
0
F1
(
t, u(t)
)
dt +
T∫
0
[
F2
(
t, u(t)
)− F2(t, u¯)]dt +
T∫
0
F2(t, u¯) dt
 1
2
‖u˙‖22 +
1
µ
T∫
0
F1(t, λu¯) dt − C1‖u˙‖β2 − C2
−
[(
1
2
− AT
48
)
‖u˙‖22 + C3|u¯|2 + C4‖u˙‖2
]
+
T∫
0
F2(t, u¯) dt
= AT
48
‖u˙‖22 − C1‖u˙‖β2 −C4‖u˙‖2 − C2
+ |u¯|2
{
1
|u¯|2
[
1
µ
T∫
0
F1(t, λu¯) dt +
T∫
0
F2(t, u¯) dt
]
− C3
}
for all u ∈ H 1T , which implies that
ϕ(u) → +∞
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‖u‖ → ∞ ⇔ (|u¯|2 + ‖u˙‖22)1/2 → ∞.
By Theorem 1.1 and Corollary 1.1 in Mawhin–Willem [2], we complete our proof. 
Corollary 1. Suppose F = F1 + F2, where F1 and F2 satisfy assumption (A) and the
following conditions:
(i) F1(t, ·) is γ -subadditive for a.e. t ∈ [0, T ], where γ < 2 and there exist f,g ∈
L1(0, T ;R+) with ∫ T0 f (t) dt < 12/T such that∣∣∇F2(t, x)∣∣ f (t)|x| + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) 1|x|2
[
1
γ
T∫
0
F1(t, x) dt +
T∫
0
F2(t, x) dt
]
→ +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Corollary 2. Suppose F satisfies (A) and the following conditions:
(i) F(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], where λ > 1/2 and µ < 2λ2;
(ii)
T∫
0
F(t, x) dt → +∞ as |x| → ∞.
Then problem (2) has at least one solution which minimizes ϕ on H 1T .
Corollary 3. Suppose F satisfies assumption (A) and the following conditions:
(i) there exist f,g ∈ L1(0, T ;R+) with ∫ T0 f (t) dt < 12/T such that∣∣∇F(t, x)∣∣ f (t)|x| + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) 1|x|2
T∫
0
F(t, x) dt → +∞ as |x| → ∞.
Then problem (2) has at least one solution which minimizes ϕ on H 1T .
Remark 1. In [8], Wu and Tang have proved the corresponding results when F1(t, ·) is sub-
convex for a.e. t ∈ [0, T ] and ∇F2(t, x) is sublinear growth, i.e., there exist some α ∈ [0,1)
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Tang [8]). Our Theorem 1 is a complementary and development of this result corresponds
to α = 1. Corollary 1 is a complementary and development of Theorem 1 in Tang [4] cor-
responds to γ = 1. Theorem 1.7 in Mawhin–Willem [2] and Corollary 1 in Tang [4] are
special cases of Corollary 2. Corollary 3 is a complementary and development of Theo-
rem 1 in Tang [6] corresponds to α = 1.
Theorem 2. Suppose F = F1 + F2, where F1 and F2 satisfy assumption (A) and the
following conditions:
(i) F1(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], where λ > 1/2 and µ < 2λ2;
(ii) there exist some g ∈ L1(0, T ;R) and h ∈ L1(0, T ;RN) with ∫ T0 h(t) dt = 0 such that
F2(t, x)
(
h(t), x
)+ g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii)
T∫
0
F1(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. By condition (ii) one has
T∫
0
F2
(
t, u(t)
)
dt 
T∫
0
[(
h(t), u¯ + u˜(t))+ g(t)] dt
−‖u˜‖∞
T∫
0
∣∣h(t)∣∣dt +
T∫
0
g(t) dt
−C3‖u˙‖2 + C4. (5)
From (3) and (5) and Sobolev’s inequality we have
ϕ(u) = 1
2
‖u˙‖22 +
T∫
0
F
(
t, u(t)
)
dt
 1
2
‖u˙‖22 − C1‖u˙‖β2 − C2 − C3‖u˙‖2 + C4 +
1
µ
T∫
0
F1(t, λu¯) dt
for all u ∈ H 1T , which implies that
ϕ(u) → +∞ as ‖u‖ → ∞
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‖u‖ → ∞ ⇔ (|u¯|2 + ‖u˙‖22)1/2 → ∞.
By Theorem 1.1 and Corollary 1.1 in Mawhin–Willem [2], we complete our proof. 
Theorem 3. Suppose F = F1 + F2, where F1 and F2 satisfy assumption (A) and the
following conditions:
(i) F1(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], where λ > 1/2 and µ < 2λ2;
(ii) there exist some δ ∈ [0,2) and f,g ∈ L1(0, T ;R+) such that∣∣F2(t, x)∣∣ f (t)|x|δ + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii) 1|x|δ
T∫
0
F1(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. By condition (ii) one has∣∣∣∣∣
T∫
0
F2
(
t, u(t)
)
dt
∣∣∣∣∣
T∫
0
∣∣F2(t, u(t))∣∣dt 
T∫
0
[
f (t)
∣∣u(t)∣∣δ + g(t)]dt
 2δ
(|u¯|δ + ‖u˜‖δ∞)
T∫
0
f (t) dt +
T∫
0
g(t) dt
 C3‖u˙‖δ2 + C4|u¯|δ + C5. (6)
By (3) and (6) we have
ϕ(u) = 1
2
‖u˙‖22 +
T∫
0
F
(
t, u(t)
)
dt  1
2
‖u˙‖22 − C1‖u˙‖β2 − C2 − C3‖u˙‖δ2 − C5
+ |u¯|δ
[
1
|u¯|δ
1
µ
T∫
0
F1(t, λu¯) dt − C4
]
for all u ∈ H 1T , which implies that
ϕ(u) → +∞
as ‖u‖ → ∞ by (iii) because β < 2, and
‖u‖ → ∞ ⇔ (|u¯|2 + ‖u˙‖22)1/2 → ∞.
By Theorem 1.1 and Corollary 1.1 in Mawhin–Willem [2], we complete our proof. 
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following conditions:
(i) F1(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], and there exist some δ ∈ [0,2) and
β,γ ∈ L1(0, T ;R) such that
F1(t, x) β(t)|x|δ + γ (t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) there exist some g ∈ L1(0, T ;R) and some h ∈ L1(0, T ;RN) with ∫ T0 h(t) dt = 0
such that
F2(t, x)
(
h(t), x
)+ g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii)
T∫
0
F1(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. By the (λ,µ)-subconvexity of F1(t, ·) one has
T∫
0
F1
(
t, u(t)
)
dt  1
µ
T∫
0
F1(t, λu¯) dt −
T∫
0
F1
(
t,−u˜(t))dt
 1
µ
T∫
0
F1(t, λu¯) dt −
T∫
0
[
β(t)
∣∣u˜(t)∣∣δ + γ (t) dt
 1
µ
T∫
0
F1(t, λu¯) dt − ‖u˜‖δ∞
T∫
0
β(t) dt −
T∫
0
γ (t)
]
dt
 1
µ
T∫
0
F1(t, λu¯) dt − C1‖u˙‖δ2 − C2. (7)
It follows from (5) and (7) that
ϕ(u) = 1
2
‖u˙‖22 +
T∫
0
F
(
t, u(t)
)
dt
 1
2
‖u˙‖22 +
1
µ
T∫
F1(t, λu¯) dt − C1‖u˙‖δ2 − C2 − C3‖u˙‖2 +C40
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ϕ(u) → +∞
as ‖u‖ → ∞ by (iii) because 0 δ < 2 and
‖u‖ → ∞ ⇔ (|u¯|2 + ‖u˙‖22)1/2 → ∞.
By Theorem 1.1 and Corollary 1.1 in Mawhin–Willem [2], we obtain the desired re-
sult. 
Corollary 4. Suppose F satisfies assumption (A) and the following conditions:
(i) F(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], and there exist some δ ∈ [0,2) and
β,γ ∈ L1(0, T ;R) such that
F(t, x) β(t)|x|δ + γ (t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii)
T∫
0
F(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Remark 2. Theorems 2–4 are new results. From Theorems 2 and 3 we can both ob-
tain Corollary 2. Consequently, Theorems 2 and 3 improve and generalize Corollary 1
in Tang [4] and Theorem 1.7 in Mawhin–Willem [2]. Moreover, if δ = 2 in Theorems 2
and 3, we can obtain the corresponding results in a similar way to Theorem 1.
Theorem 5. Suppose F = F1 + F2, where F1 and F2 satisfy assumption (A) and the
following conditions:
(i) there exist some g ∈ L1(0, T ;R) and some h ∈ L1(0, T ;RN) such that
F1(t, x)
(
h(t), x
)+ g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) there exist some α ∈ [1/2,1) and f,g ∈ L1(0, T ;R+) such that∣∣∇F2(t, x)∣∣ f (t)|x|α + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii) 1|x|2α
T∫
0
F2(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1 .T
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T∫
0
F2
(
t, u(t)
)
dt 
T∫
0
[(
h(t), u¯ + u˜(t))+ g(t)] dt
−|u¯|
T∫
0
∣∣h(t)∣∣ dt − ‖u˜‖∞
T∫
0
∣∣h(t)∣∣ dt +
T∫
0
g(t) dt
−C1‖u˙‖2 − C2|u¯| + C3. (8)
By (ii) and Sobolev’s inequality one has
∣∣∣∣∣
T∫
0
[
F2
(
t, u(t)
)− F2(t, u¯)]dt
∣∣∣∣∣
=
∣∣∣∣∣
T∫
0
1∫
0
(∇F2(t, u¯ + su˜(t)), u˜(t)) ds dt
∣∣∣∣∣
 2
(|u¯|α + ‖u˜‖α∞)‖u˜‖∞
T∫
0
f (t) dt + ‖u˜‖∞
T∫
0
g(t) dt
 3
T
‖u˜‖2∞ +
T
3
|u¯|2α
( T∫
0
f (t) dt
)2
+ 2‖u˜‖α+1∞ + ‖u˜‖∞
T∫
0
g(t) dt
 1
4
‖u˙‖22 + C4|u¯|2α + C5‖u˙‖α+1∞ + C6‖u˙‖2. (9)
It follows from (8) and (9) that
ϕ(u) = 1
2
‖u˙‖22 +
T∫
0
F
(
t, u(t)
)
dt
 1
2
‖u˙‖22 − C1‖u˙‖2 − C2|u¯| + C3
−
[
1
4
‖u˙‖22 + C4|u¯|2α + C5‖u˙‖α+1∞ + C6‖u˙‖2
]
+
T∫
0
F2(t, u¯) dt
= 1
4
‖u˙‖22 − C5‖u˙‖α+1∞ − (C1 + C6)‖u˙‖2 + C3
+ |u¯|2α
{
1
|u¯|2α
T∫
F2(t, u¯) dt − C4 − C2|u¯|2α−1
}
(2.13)0
432 F. Zhao, X. Wu / J. Math. Anal. Appl. 296 (2004) 422–434for all u ∈ H 1T , which implies that
ϕ(u) → +∞
as ‖u‖ → ∞ by (iii) because 1/2 α < 2 and
‖u‖ → ∞ ⇔ (|u¯|2 + ‖u˙‖22)1/2 → ∞.
By Theorem 1.1 and Corollary 1.1 in Mawhin–Willem [2], we obtain the desired re-
sult. 
Theorem 6. Suppose F = F1 + F2, where F1 and F2 satisfy assumption (A) and the
following conditions:
(i) there exist some α ∈ [0,1) and f,g ∈ L1(0, T ;R+) such that∣∣∇F1(t, x)∣∣ f (t)|x|α + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) there exist some δ ∈ [0,2) and β,γ ∈ L1(0, T ;R+) such that∣∣F2(t, x)∣∣ β(t)|x|δ + γ (t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii) 1|x|σ
T∫
0
F1(t, x) dt → +∞
as |x| → ∞, where σ = max{2α, δ}.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. In a similar way to (6) and (9) we can complete our proof. Since the proof is easy,
we omit it. 
Corollary 5. Suppose F satisfies assumption (A) and the following conditions:
(i) there exist some α ∈ [0,1) and f,g ∈ L1(0, T ;R+) such that∣∣∇F(t, x)∣∣ f (t)|x|α + g(t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(ii) 1|x|2α
T∫
0
F(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
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∫ T
0 h(t) dt = 0, then
α ∈ [0,1), the corresponding result improves Theorem 3 in Wu–Tang [8]. Corollary 5
is Theorem 1 of Tang [6], it is a special case of Theorems 5 and 6 which corresponds to
F1 = 0 or F2 = 0. Theorem 1.5 in Mawhin–Willem [2] is a special case of Corollary 5
corresponding to α = 0.
In fact, by the proofs of the above theorems, if F has control function from below, we
can weaken the coercivity conditions from global coercivity to local coercivity, here we
give the corresponding version of Corollary 2:
Corollary 2′. Suppose F satisfies assumption (A) and the following conditions:
(i) F(t, ·) is (λ,µ)-subconvex for a.e. t ∈ [0, T ], where λ > 1/2 and µ < 2λ2;
(ii) there exists some γ ∈ L1(0, T ;R) such that
F(t, x) γ (t)
for all x ∈ RN and a.e. t ∈ [0, T ];
(iii) there exists some E ⊂ [0, T ] with meas(E) > 0 such that∫
E
F(t, x) dt → +∞ as |x| → ∞.
Then problem (1) has at least one solution which minimizes ϕ on H 1T .
Proof. As same as (3) one has
T∫
0
F
(
t, u(t)
)
dt  1
µ
T∫
0
F(t, λu¯) dt −C1‖u˙‖β2 − C2
 1
µ
∫
E
F(t, λu¯) dt + 1
µ
∫
[0,T ]\E
γ (t) dt − C1‖u˙‖β2 − C2,
where β = log2λ(2µ) < 2. The proof is similar to Theorem 1, we omit it. 
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